We study scattering of antikinks in the non-integrable φ 6 model on the half-line. The scalar field satisfy a Neumann boundary condition φ x (0, t) = H. When H = 0 the results are the same observed in the full line for the φ 6 model, where some bounce windows are missed. With the increasing of H, sensible modifications appear in the dynamics, such as the production of a kink from the boundary and the recovering of bounce windows of inferior order. The presence of twobounce windows is described as a resonant mechanism between the translational mode of the kink and a vibrational mode of the coupled antikink-boundary system.
I.
INTRODUCTION
Solitary waves and solitons have a large number of realizations in several areas of physics [1, 2] . Despite simpler, models in (1, 1) dimensions also have applicability in physics in all scales, from dark and bright solitons in cigar-shaped Bose-Einstein condensate [3] to bubble collisions in cosmology [4] . The kink is the simplest solution with solitary character, and it is of interest in high energy physics [5] .
Integrable systems are characterized by very simple behavior in kink-antikink collisions, with at most a phase shift in the field. On the other hand, studies of nonintegrable systems have since a long time showed some surprising results in kink-antikink collisions .
Among the interesting aspects due to nonintegrability are the occurrence of bion states for small initial velocities and 2-bounce windows around a critical velocity. For larger initial velocities one has 1-bounce windows, similar to inelastic scattering between classical particles. In some special circumstances it is possible to observe the occurrence of oscillons, large-lifetime oscillations in the field that resemble the breather solution for integrable systems.
Kink-antikink collisions in the nonintegrable φ 4 model presents a rich structure, which depends crucially in their initial velocity [8] . For large initial velocity, above a critical value v c , the pair KK recedes from each other, i.e, the kinks always escape to infinity after one collision. On the other hand, for initial velocity below v c , the structure of the collision is far more complex. In this region, the kink and antikink capture one another, forming the bion state. Other possibility for v < v c is a scattering after a two-bouncing process, where the pair is again able to escape to infinity after colliding twice [7] [8] [9] [23] [24] [25] .
According to Campbell, Schonfeld and Wingate (CSW) [7] , a collision presenting twobounce is described by a resonance effect between the zero mode and the vibrational mode of the kink. According to the CSW mechanism, two-bounce windows requires firstly the transfering of energy from the translational mode to the internal (vibrational) one. In the sequel, the energy is transferred back to the zero mode and the kink-antikink pair is separated from their mutual attraction.
A counter-example of the CSW mechanism was found in Ref. [10] for the φ 6 model. There it was shown that certain antikink-kink collisions exhibit resonant scattering, even in the absence of a vibrational mode for one kink. The explanation about this model is elucidated by collective bound state produced by the antikink-kink pair [10] . A second counter-example was presented in Ref. [16] , where some of us showed the total suppression of two-bounce windows even with the presence of at least one vibrational mode.
The study of nonlinear field theories with boundary have a long tradition in integrable systems, mostly connected to the sine-Gordon model [29] [30] [31] [32] [33] [34] . One object of investigation is to find suitable boundary conditions compatible with integrability [35] . Supersymmetric theories on the half-line keeping integrability were also considered [36] [37] [38] [39] . One interesting aspect that deserves to be more investigated is the interaction of a kink or antikink with a boundary. In this direction one can cite some possibilities for finding a way out from integrability on the half-line: i) non-integrable models with integrable boundary conditions [40] , and ii) integrable models with non-integrable boundary conditions [41] . In this paper, we will discuss the process of collision of an antikink φ 6 with Neumann boundary condition.
Since the antikink φ 6 has no associated vibrational state, our main motivation was to investigate if the integrable boundary condition is also able to produce bounce windows. Our numerical analysis show that this is the case, with a very intrincate structure emerging form the scattering process.
In the next Section we review the first-order formalism for obtaining static solutions and stability analysis. The Sect. III reviews some known results of solutions and stability analysis for the φ 6 model in the full line. In the sequel we present solutions in the half line.
The numerical analysis of antikink boundary scattering is presented in the Sect. IV. We conclude in the Sect. V.
II. BPS STATES
We consider the following action with standard dynamics
The equation of motion is given by
where V φ = dV /dφ. Since the potential has the form V (φ) = 1/2W 2 φ , the solutions of the first-order equation
are also solutions of the second-order equation of motion. The defects formed with this prescription minimize energy, connect adjacent minima of the potential and are known as BPS defects [42, 43] . Stability analysis around a static solution φ S (x) considers φ(x, t) = φ S (x) + η(x)e iωt and the first-order corrections in the equation of motion. This results in a Schrödinger-like eigenvalue equation
where the potential is
The Schrödinger-like equation can be rewritten as Hη(x) = ω 2 η(x). That is, linear stability is assured if the Hamiltonian H is positive definite.
Now we consider the model on the half-line −∞ < x < 0. For this we consider the action
Varying the action with respect to φ leads to an equation of motion for x = 0 identical to Eq.(2) obtained previously for the full-line. In addition, when extended and considered around x = 0, the action gives the integrable Neumann condition
Static solutions have energies given by
III. THE MODEL
The φ 6 model is given by
This potential has vacua given by {−1, 0, 1}. The kink connecting the minima {0, 1} is given
The antikink connecting the minima {1, 0} is given by
The antikink and kink connecting the minima {0, −1} and {−1, 0} are given, respectively,
. Each of these solutions have energy E = 1/4, and their profiles can be seen in Fig. 1a . In addition we have four other solutions of the second-order equation of motion, divergent at x = 0:
The profile of these solutions are presented in Fig. 1b .
Stability analysis for Φ 1± leads to the following potential of perturbations:
Similarly Φ 2± have the potential
Figs. 2 a-b show the plots of the potentials. There one can see three characteristic regions: 
where one can look for bound states, ii) 1 < ω 2 < 4 where there is a continuum of reflecting states and iii) ω 2 > 4 where there is a continuum of free states. In particular, the analysis of these states for Φ 1± was presented in detail in Ref. [44] (see also p. 1651 of Ref. [45] ). The potentiais have just one bound state, the zero-mode connected to the translational symmetry of the solutions. According to the CSW mechanism [7] , the absence of a vibrational state would result in the absence of two-bounce windows in collisions involving kinks (or antikinks). However, an interesting counter-example was presented in
Ref. [10] . In their paper the authors showed the presence of bounce windows in antikinkkink collisions. The explanation was that the energy after the initial impact was trapped in the composited antikink-kink configuration. For example, the composite antikink-kink system given by φ(x) = Φ 1+ (x − a) + Φ 2+ (x + a) has a potential of perturbations represented in Fig. 3a . This potential has a tower of bound states. On the contrary, the kink-antikink system given by φ(x) = Φ 1+ (x − a) + Φ 2+ (x + a) − 1 has the Schrödinger-like potential showed in Fig. 3b . There one has only two quasizero modes. That is the reason why bounce windows are absent in kink-antikink collisions.
Now we consider the φ 6 model with vacua on the half-line −∞ < x < 0. In this case the equation of motion has solutions given by
where X 0 and X 1 are parameters determined by Neumann condition. Their dependence with H are given by the following implicit relations: are irregular and will not be considered here. The multiplicity of solutions means several possibilities for studying boundary scattering in the φ 6 model. In this paper we are interested in the solutions which, for H = 0, recover the most interesting results on the full line for this model. Then we chosed to study antikink-boundary collisions with initial condition described by the scalar field φ(
also that we are considering only solutions that interpolate between the vacua {0, 1} of the potential. Figure 5a shows the plot of X 0 as a function of H for the φ 6 model (solid line). There one can see that H is bounded. We have −H m < H < H m , com H m = 2/ √ 27. In the same figure, for comparison, we show the corresponding plot for the φ 4 model (dotted) [40] , where
IV. ANTIKINK-BOUNDARY SCATTERING IN THE φ 6 MODEL
Let us now consider the numerical analysis of the scattering processes, restricting ourselves to the range 0 < H < H m , where the chosen initial profile φ(x) keeps his form until the collision with the boundary. We consider the initial profile with antikink travelling from x(t = 0) = a towards the boundary. Then, the initial conditions for H > 0 is
For the numerical solutions we used a = −12.5 and a 4 th -order finite-difference method on a grid N = 2048 nodes with the "infinity" at x min = −100 and a spatial step δx ≈ 0.05.
For the time dependence we used a 6 th order sympletic integrator method, with a time step δt = 0.02.
There are some remarkable effects observed in the collisions. The Fig. 6a shows a bion state at the boundary. Fig. 6b shows an inelastic scattering (one-bounce) with the boundary. We note that the production of a travelling kink at the boundary occurs only for sufficiently low velocities. There is a critical escape velocity v c above which the antikink receedes to −∞ without producting a travelling kink. This is the analogous situation of a one-bounce solution for antikink-kink scattering in the full line. Fig. 8 shows the behavior of the escape velocity as a funtion of the parameter H. Note that the larger is H, the larger is the escape velocity. In particular, in the limit H → H m we have v c = 1, meaning that there is no possibility of formation of a travelling kink at the boundary. Note also that the curve v c × H presents an inflection point around H ≃ 0.6H m , which coincides with the maximum value where two bounce windows are observed. For H 0.6H m , v c grows with H in a higher rate, favoring the occurrence of kink emission by the boundary. The effect of H on the structure of two-bounce windows is described in the Figs. 9a-9d. First of all, we observe that when H = 0 we recover the structure of two-bounce windows presented in antikink-kink scattering for the φ 6 model in the full line, as described in the Ref. [10] . As H grows from zero, also grows the critical velocity v c that separated one-bounce inelastic scattering from bion states. We note also that with the grow of H the two-bounce windows accumulate more densily around v = v c . For H ≃ 0.6H m they disappear, remaining just the phenomena of kink production on the boundary. Fig. 10a . This is smaller than the value m = 11 obtained for H = 0 (see Ref.
[10]). Growing more the parameter H, we see from (Fig. 3 from Ref. [40] is intrincate, and the v c has no functional form.
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